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well, while smoothing the peak densities a little 
bit due to the inherent measurement variability). 
Note also that the fitted lines correspond to 
median responses and not to their expected 
values (the two are quite different quantities 
under the lognormal distribution of itε ’s in 1).  

Fig. 2 illustrates the dynamics of the fitted 

total particle number concentrations ( Âτ s) in 

the monitored diameter interval 0d dI, , 

estimated from the LN3 model. τ  is measured 

in hours (0-24) and corresponds to the actual 

measurement time. Fig. 2(a) shows the 

situation after smoothing implied by the 

nonparametric part of the model, while 2(b) 

shows results of time-by-time LN3 estimation 

without any smoothing of parameters along the 

time line.  

 

 

 

 

Fig. 1. The fits of a particle size distribution 
obtained on January 12, 2001 at 00:42:09 by 
the semiparametric model with one, two and 
three LN components (lines), compared with 
the data (points). 

 Fig 3. LN3, the smoothed time tracks of the 

1 2 3ˆ?τ τ τμμ μ, , ,, , estimates. 

 

 

Fig. 3 compares the smoothed estimates of 

the 1 2 3k kτμ , , = , ,  parameters. Notice that the 

smoothed estimates respect the 1? k kτ τμ μ, , +<  

restriction (as they should). 1ˆ τμ  tends to 

remain low and pretty stable over time. There 

are much more dynamics in 2 3τ τμ μ

ˆ k

,  behavior. 

All three components show a quite abrupt 

change of the behavior close to 11 a.m. Even 

this observation alone might offer interesting 

insights into the aerosol size distribution 

evolution. Notice however, that τμ , s 

Fig. 2. The time track of the total particle 
number concentration Âτ  estimated using the 
LN3 model. Dots represent the measured 
points in both cases; the curve represents the 
LN3 model fit: a) after smoothing, and b) 
before smoothing with the loess smoother. 
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obviously do not represent estimates of the 

spectrum peak locations on the log scale. In 

fact, there can easily be a smaller number of 

peaks than 3 even if the fitted LN3 is 

non-trivial. This is because the peak locations 

depend in a complicated way on relative 

location of ˆ kτμ ,

k,τ

2ˆ

s as well as on other parameters. 

We will discuss peak locations later.  

From  comparison, we can see that in 

terms of particle count it is representative, the 

first component is rather “small.” Nevertheless, 

its behavior might be of utmost interest (e.g., in 

connection with the nucleation mode 

development). The (almost) inverse relation 

between 

p̂

pτ ,  and 3p̂τ ,  is obviously given by 

the sum-to-one restriction (and the fact that the 

1p̂τ ,  is small).  
The other possible smoothing strategy 

mentioned in the section Estimation is to fit 
LN1, LN2, LN3 and to decide for one of them 
by an LRT-like testing, compute local maxima 
for the selected mixture and finally smooth the 
local maxima. One would expect that this 
approach should lead to more parsimonious 
time-dependent Kτ . The potential gains in 
efficiency (achieved by sparing a few 
parameters) might be offset by: i) the random 
nature of the selection procedure (the test 
necessarily commits both type I and type II 
errors), ii) occasional jumps in maxima 
locations before smoothing (induced by 
dimensionality ( Kτ ) changes), and hence it is 
not entirely clear whether it really pays off to 
go with the more difficult-to-handle model. 
The percentages of times when LN1, LN2 or 

LN3 was selected by the test-based procedure 
were 6.4 %, 18.9% and 74.7 %, respectively. In 
other words, the LN3 prevails (so that the 
previous approach with always fitting LN3 
should not be too bad); but the percentage of 
the simpler mixtures is not totally 
negligible—providing some motivation for 
time-varying Kτ  attempts. Not only that the 
improvement provided by going from LN2- 
LN3 is not always the same, but also that it is 
distributed unevenly along the time axis. 
Greatest improvements occur around 11 and 15 
hours. 

 

 

Fig. 4. The locations of non-smoothed local 
maxima on particle distribution functions and 
their evolution in time (as determined by the 
semiparametric model). 

 
When we take all the smoothed parameters 

together, we can easily use them to derive other 
quantities of practical interest. The position of 
local maximum might be one of them. Many 
others can be computed just as easily; for 
example, local maxima sizes. But even subtler 
ones, like the locations of maxima of the first 
derivative of the spectral density, can be 
computed as well. When we selected one of the 
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fitted models by the testing procedure 
described earlier and found the local peaks 
(numerically), we plotted their rough 
(not-smoothed) peak locations in Fig. 4. 
Specifically, the number of peaks is not forced 
to be 3 (in fact, it varies between 1, 2 and 3). 
    Resulting local maxima of the regression 
function are plotted separately for each time. 
The proportions of the times when one, two or 
three peaks were found in the fitted are 18.9%, 
43.1%, 37.9%, respectively. Note also that 
even this relatively easy procedure clearly 
visualized modal changes occurring in the late 
morning (around 11 a. m.). These changes are 
connected to a complicated transitional 
phenomenon, so called “particle formation 
event” (see also section Results of the 
Nonparametric Model), which is sometimes 
observed in atmospheric aerosol sampling 
campaigns. It is not the aim of this paper to deal 
with its mechanism in detail. However, a 
widely accepted explanation says that there are 
some thermodynamically stable clusters (TSC) 
present in the atmosphere. As the size of these 
clusters is under the lower detection limits of 
most aerosol spectrometers, they are 
practically “invisible.” Under favorable 
conditions, e. g. when a sufficient amount of 
condensable vapors is available in the 
atmosphere, these vapors condense on the 
cluster's surface causing its growth. When the 
cluster becomes visible for the spectrometer, it 
is detected. On the measured spectra, it looks 
like a new mode coming from the lowest sizes 
and increasing with time. Various parameters 
may then be extracted from its time behavior; 
e. g., the growth rate, production rate of the 

condensable vapor, and so on (Kulmala et al., 
2004). 

 
NONPARAMETRIC MODEL 
 

The PSD is modeled by means of tools taken 
from the gnostic theory of uncertain data 
developed by Kovanic (1986). Over the years 
of development, the gnostic theory has grown 
into a set of tools, each of which finds its 
application in some branch of data analysis. 
The tools differ in the kind of robustness. Tools 
taking advantage of the quantifying 
distribution function possess the robustness 
with respect to inliers (outer robustness) and 
are useful for signal processing and similar 
applications.  

The opposite case; i.e., the robustness with 
respect to outliers (inner robustness) is a 
feature of the tools based upon estimating 
distribution functions. Two kinds of estimating 
distribution functions are available, a global 
and a local one. 

The global estimating distribution function 
is by definition unimodal. It can be used to 
verify the homogeneity of a data sample or to 
describe properties of such a sample. However, 
the PSD of atmospheric aerosols is usually 
multimodal, the global estimating distribution 
function thus cannot be used. The local 
estimating distribution function is a kernel 
estimate and can therefore describe multimodal 
distributions. In the following text, we will use 
the local estimating distribution function only. 
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Summary of the gnostic theory of uncertain 
data 

In this section we summarize the most 
important features of the gnostic theory of 
uncertain data. We limit explanation to the 
local estimating distribution function. This 
work extends the methodology of using the 
local estimating distribution function so that 
the optimal bounds of a finite data support can 
be estimated. This will be explained in the 
section Data Support  

The modeled quantity is the number of 
particles of the particular size class. We will 
model both variations of the particle number in 
the time domain, as well as the PSD at a 
specific time. The equations will therefore be 
given in an abstract way and both types of 
usage will be explained later.  

The first axiom of the gnostic theory states 
that the measured value  can be expressed as 
a sum of an ideal value , which is the 
mathematical model of the true value, and 
uncertainty, which is a product of a scale 
parameter  and normalized uncertainty 

a

0a

S Φ :  
 

0a a S= + Φ                                                (2) 
 
Using transformations 
 

0 0exp( ) exp( )z a z a= , =             (3) 
 
a multiplicative model is obtained: 

1 1
0 exp( )S Sz z/ /= Φ                         (4) 

 
Since conversion between the additive and 

the multiplicative model is straightforward, all 

the following equations will be written for the 
multiplicative model only.  

The basic properties are defined for each 
individual observation and the equations have 
been derived by Kovanic (1986) from the 
above-mentioned axiom. Having the 
observation z , we can calculate the probability 
of an ideal value being less or equal to : 0z

 0
1( )

2
hp z −

=                                    (5) 

 
where h  is irrelevance defined as  
 

2 2

2 2

1
1

q qh
q q

− /
=

+ /
                                    (6) 

 

and 
1

0

S
zq
z

/
⎛ ⎞

= .⎜ ⎟
⎝ ⎠

                        (7) 

 
After substituting z  and  into Eq.  (5) and 
differentiating, we get the density  

0z

 
22 2

0 0 0

4
log

S S
dp z z

d z S z z

−/ − /⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥= +⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

                 (8) 

 
It can be proven that Eq.  (8) satisfies all 

conditions required for Parzen’s kernels 
(Parzen, 1962). The shape of the kernel is 
determined by the value of the scale parameter. 
If , the kernel converges to a 0S →
δ -function. Entropy can be calculated both for 
the data sample ,  and the 
smoothed kernel estimate. We will select such 
value of  which yields equal entropy in both 
cases. The value of the scale parameter is thus 

kz 1k 　= , ,

S
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obtained by solving the following equation: 

1

1

sin( 2)
2

K
k kk

K
kk

W fS
S W
π

π
=

=

/
=

/
∑
∑

            (9) 

where  are apriori weights and kW kf  are 
gnostic weights defined by equation 

 

2

2
1

f
q q

=
+ / 2

2

                                              (10) 

 
 evaluated using  for each particular 

. It can be shown that there always exists 
a unique solution 0 . The exact 
meaning of the apriori weights  as well as 
the  values, depends on the application of 
the equation and will be explained later.  

1S =

kz z=

kz

S≤ ≤

kW

 
Data support 

In practical modeling, the domain of the 
distribution functions is often taken to be the 
set of all real numbers 1R  or the set of positive 
real numbers R+ . However, these sets 
represent mathematical abstractions. The 
physical quantities do not reach infinite values 
and are often bounded. In some cases the 
bounds are known in advance. In other cases 
we only know that the bounds exist, but their 
values are unknown. This is the case of PSD. 
The smallest particles must be considerably 
larger than molecules. Very large particles 
cannot survive in aerosol because of fast 
sedimentation. The actual bounds usually 
depend on a great many unknown factors. We 
thus intend to obtain such values of bounds 
which best describe the data.  

The equations above are, however, derived 

for variables whose domains are 1R  or R+ , 

respectively. We will apply the following 

transformation:  

 

1
L

U

z Zz
z Z
′ −

=
′− /

                                         (11) 

 
where Lz R Z z Z+ ′ U∈ , < < .                      (12) 
and L UZ Z,  are the lower and upper bounds of 
the finite data support, respectively.  

 
Procedure 

The particle numbers in each size class are 
determined from the raw cumulative count 
reported by the measuring device. These values 
may be influenced by gross measurement 
errors, which may cause problems when 
estimating the scale parameter. Other 
quantities determined from the distribution 
function, such as the positions of local extrema 
and concentration of particles in a particular 
size range would be incorrect. The scale 
parameter is not directly connected to any 
physical quantity. Its smoothness could be 
expected but not justified by any natural law. 
Construction of the gnostic distribution 
function requires not only the value of the scale 
parameter, but also the original raw counts. A 
filtration technique applied to the scale 
parameter will therefore not solve the problem 
either. On the contrary, the raw cumulative 
counts represent the direct physical 
measurement. If there is no nearby source of 
particles, the concentration changes smoothly 
with time, and rapidly occurring variations are 
caused by various kinds of measurement errors. 
The cumulative counts are therefore first 
filtered in the time domain.  
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One of the simplest smoothers is the 
application of an average in a moving window. 
We use a similar gnostic smoother. The 
modeled variable is the particle number of a 
particular size class. Since the particle number 
is allowed to be zero, we make use of the 
additive model, Eq. (2) and transform it using 
Eq. (11) into the multiplicative model, Eq. (4). 
The moving window is formed by five 
consecutive values. These values are used in 
Eqs. (10) and (9) in order to calculate the scale 
parameter. Quantity  in Eq. (7) is the particle 
number at the end of the moving window 
transformed to the multiplicative data support. 
All weights  in Eq. (9) are set to 1. The scale 
parameter enables us to construct a gnostic 
distribution function of particle numbers and 
the quantile for probability equal to 0

0z

iW

5.  
(gnostic median) is used as a filtered value. 
This procedure automatically removes outliers. 
They could be marked as such by further 
analysis of the differences between the original 
counts and the filtered values, but it was not 
done because such information is not important 
for the determination of a distribution function.  

The PSD function is then determined at each 
time  using the filtered values. The 
determination of the distribution function 
consists in an estimation of the scale parameter 
and the bounds of the data support. The 
agreement of the gnostic estimation local 
distribution function with the empirical 
distribution function is not a good criterion. If 
the scale parameter is changed and the 
distribution function possesses different 
number of modes, the differences between the 
calculated and empirical distribution functions 

change only slightly. Changes of much-greater 
magnitude can be found by comparing the 
calculated and empirical distribution densities. 
We therefore decided to find the optimum 
parameters by minimizing the maximum 
difference between the calculated and 
empirical distribution density.  

t

The filtered values  represent the particle 
numbers of size class  at time t . 
The weighted empirical distribution function is 
constructed as  

ktN

kd k 1　, = , ,

 

1

11
( )

i
ktk

it K
kt t Ktk

N
p

N N N
=

=

=
2+ + /

∑
∑

                      (13) 

 
Such definition allows for probability 

, as well as .  ( )Kp d d> > 0 01( )p d d< >

The empirical density is obtained by 
numerical differentiation. A polynomial of the 
third order fitted to seven neighboring points is 
used in order to suppress the oscillations 
caused by uncertainties in the experimental 
data.  

The bounds of the data support and the scale 
parameter are obtained by minimizing  

 

max
logd

dpL
d d

= Δ                       (14) 

 
where ( logdp d d )| Δ / |  is the absolute value of 
the difference between the weighted empirical 
density and the density evaluated from the local 
estimating distribution function. For each 
approximation of the bounds LZ  and UZ , the 
particle sizes  are transformed to the infinite 
data support using Eq. (11). The scale 

kd
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parameter is calculated from Eq. (9). The 
filtered particle numbers  are used in place 
of the apriori weights  and the gnostic 
weights 

ktN

kW

kf  are evaluated from the particle 
sizes transformed into the infinite data support. 
Variable  required in Eq. (10) is the 
weighted median, the definition of which is 
given in the following paragraph.  

0z

iLet p ,  be the probabilities 
defined by the weighted empirical distribution 
function, Eq. (13). Let  be a given value such 
that 

1i 　= , ,

N

P
1p P≤ ≤ p . Then let rp  be the greatest 

value satisfying rp P≤  and sp  be the least 
value satisfying sP . The quantile for 
probability  is defined as a value obtained by 
inverse linear interpolation using 

p≤

P
rp  and sp . 

The weighted median is defined as the 
weighted quantile for .  0 5= .P

The definition does not allow for an 
evaluation of the weighted quantiles for 1P p<  
and . We must be able to calculate 
weighted quantiles before the bounds of the 
data support are determined. Extrapolation 
below and above the experimental data is 
therefore impossible.  

NpP >

Before the weighted median can be used in 
Eq. (10), it must be converted into the infinite 
data support by means of Eq. (11).  

The objective function, Eq. (14) may 
possess several local minima. In order to 
determine the global minimum, the generalized 
random search with alternating heuristics 
(GCRS/ALTH) developed by Tvrdík et al. is 
used (Krivý and Tvrdík, 1995; Tvrdík and 
Krivý, 1999; Tvrdík et al., 2001). The MatLab 
implementation of the algorithm is available 
from the author’s website (Tvrdík) and the 

function can also be used with 
Octave (Octave). 

For mostly numerical reasons Eq. (11) is not 
used directly. We first normalize the values of 
particle diameters: 

log( )exp 2 1
log( )

min

max min

d dz
d d

⎡ ⎤/′ = −⎢ ⎥/⎣ ⎦
         (15) 

 

where  and  are the minimum, and 

maximum values of the particle diameter d  

and 

mind maxd

z′  is the normalized multiplicative value 

such that 1 e z e′/ ≤

6 1

≤

1

. We now find optimum 

values of the bounds in the normalized data 

support. The GCRS/ALTH algorithm requires 

limits of the box type. The limits, such as 

10 LZ e− − .≤ ≤

Ld

 and , are wide 

enough so that the optimum value is not missed. 

Bounds  and  are then evaluated from 

Eq. (15).  

1 1 610Ue Z. ≤ ≤

Ud

The LZ - UZ  space extends over 12 orders of 
magnitude and is asymmetric. Its metrics 
prefers LZ  close to data and UZ  distant from 
data. We therefore perform minimization for 
transformed values:  

 
1 16

1 1 6 6 1 1

log( )log( 10 )2 1 2
log( 10 ) log(10 )

UL
L U

Z eZX X
e e

.−

− . − .

// 1= − =
/ /

−

 (16) 
 
Results of the Nonparametric Model 

The gnostic filter applied to the time series 
of particle counts is very simple. We prefer a 
fast response to the quality of filtration. The 
main purpose is removal of measurements that 
are evidently wrong and replacing them by a 
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smoothed value. Filter performance is 
presented in Fig. 5. You can see that the line 
corresponding to the filtered values slightly 
reduces the scatter of the experimental data 
while following the main trend of the time 
series. Two outliers were removed.  

 

 
Fig. 5. Example: the time series of the 
concentration of particles in the size bin 109.4 
nm; the measured values (points) and a 
smoothed line estimated by the gnostic filter. 
 

 
Fig. 6. A fit of a particle size distribution 
obtained on January 12, 2001 at 00:42:09 by 
the nonparametric model (line), compared with 
the time-filtered data (points). 

 
In this work we used only a distribution 

function with a constant scale parameter where 

 needed in Eq. (10) is obtained as a weighted 
median converted to the infinite data support. 
The typical distribution is depicted in Fig. 6. It 
can be seen that small peaks were smoothed 
out.  

0z

 

 
Fig. 7. The distribution density function (curve) 
determined by the gnostic method. 
Experimental data are denoted by points. The 
sample contains a relatively high concentration 
of small particles. 
 

The character of the distribution is changed 
in the period from 11 h to 16 h during a particle 
formation event that has already been 
discussed in the section Results of the 
Semiparametric Model. The concentration of 
small particles is increased, and they often 
form two separate local maxima. Such a 
distribution is depicted in Fig. 7. 
 
COMPARISON 
 

Parametric modeling offers an excellent tool 
if the model is in agreement with the real data. 
If the model is based upon theoretical 
assumptions, the parameters estimated from 
the data provide a useful insight, which can 
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help in understanding phenomena occurring in 
the atmosphere. The method, however, fails if 
the data depart considerably from the model.  

The gnostic approach presents a 
nonparametric method. The value of the scale 
parameter does not depend on the analyst, it is 
determined from the condition of entropy 
equality and thus the risk of under- or 
over-smoothing is relatively low. The use of 
the finite data support improves agreement 
between the empirical and gnostic distribution 
functions at the edges of the size interval. The 
number of local maxima is then obtained from 
an analysis of the distribution function.  

The comparison of the original data and its 
fit by a semiparametric and a nonparametric 
method are shown in Figs. 1 and 6. The 
semiparametric method is represented by 3 
curves, corresponding to the LN1, LN2 and 
LN3 models. It can be seen that in this case 
both LN3 and the nonparametric model 
describe the measured data reasonably well, 
recovering both the main peak at 60 nm and 
also the small one below 10 nm.  

Figs. 4 and 8 then show how the two 
approaches succeeded in capturing the 
positions of local maxima on the particle 
distributions’ densities as they move in time 
during the analyzed day. Again, both methods 
behaved similarly. It seems, however, that the 
nonparametric approach yielded a more robust 
result (the positions of local maxima do not 
change that much with time). The reason is 
obvious: the nonparametric method performed 
data filtration in the time domain at first, and it 
removed a lot of noise from the data. Both 
approaches revealed the particle formation 

event starting around 11 a.m., both followed 
the growth of these particles until the evening 
when the concentration maxima connected to 
these particles disappeared. However, as this 
new maximum was superimposed on a 
distribution that already had 3 other maxima, 
the LN3 model naturally failed to describe the 
fourth one.  

 

 

Fig. 8. The locations of local maxima on 
particle distribution functions and their 
evolution in time (as determined by the 
nonparametric model). 
 

 

Fig. 9. The concentration of particles with a 
size below 30nm and the total concentration of 
particles. 
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Fig. 9 reveals that within the mentioned time 
period the aerosol is formed mostly by the 
newly appearing small particles with sizes 
below 30 nm. Since this local maximum 
dominates the distributions, the maxima at 
other sizes are sometimes changed into 
shoulders on another peak. This causes short 
gaps in Fig. 8. 

Another important difference is found when 
calculating the concentration of particles. Let’s 
assume that there are two sources, each of 
which produces particles with lognormal size 
distributions. Parametric approach gives us the 
concentrations for each source of particles. 
Such information is not available if the 
nonparametric approach is used. It is only 
possible to find a local minimum between the 
two modes and evaluate the concentrations of 
the particles with sizes lower and greater than 
the size at the minimum.  

A related issue is that of information 
compression. The parametric model with a few 
LN components compresses the empirical 
information into a compact form—parameter 
estimates. Consider for instance the 
“compression ratio”—that is the reciprocal of 
the ratio between the number of datapoints in 
the empirical spectra (number of channels) and 
the number of parameters in the LN mixture 
that is used to fit them. For our data, it is 

 for LN3 and it is obviously 
even better for simpler mixtures. The 
nonparametric methodology can offer 
compression if we are interested only in the 
number and positions of modes. If we later 
need some other type of information, we either 
have to repeat the calculation, or the calculated 

parameters must be stored in addition to the 
measured data. This is the price paid for higher 
flexibility in nonparametric estimates.  

9 103 0 0874/ = .

 
CONCLUSIONS 
 

This paper presents two methods of 
modeling atmospheric PSDs: the parametric 
approach and the nonparametric. Our general 
view is that in this comparison there is no 
absolute winner; both approaches have their 
merits. However, in order to give our kind 
reader some hints, we will try to summarize 
pros and cons of both approaches. 

The semiparametric method based on 
lognormal mixtures has these advantages: a) it 
is more efficient and less computationally 
demanding; b) it gives excellent results if the 
model agrees with the data; c) it provides a 
high data compression ratio; d) it gives 
concentration of aerosol particles 
corresponding to each of the modes; and f) it is 
more easily programmable since its lognormal 
components are available as built-in functions 
in most statistical packages. 

The drawbacks of the semiparametric 
method are: a) if the data depart considerably 
from model assumptions, the method fails to 
arrive at correct and physically sound results, 
but this fact may not be recognized from the 
results itself; b) the method becomes more 
complicated when the number of LN 
distributions in the mixture (K) changes with 
time; and c) it does not follow fast changes in 
the PSDs well even if number K is kept 
constant (but that depends more on the 
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